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This thesis presents an equilibrium-based modeling framework for emergency response (ER) 
workload balancing to achieve robust operation in large-scale metropolitan areas. The problem is formulated 
as a non-linear mathematical program (NLP), which determines the optimal workload cutoff for each ER 
station such that the weighted sum of the area-wide expected response time and its variation are minimized. 
The concept of Marginal Cost of Uncertainty (MCU) is introduced to measure the impact of a station’s 
workload increase on the area-wide service performance. The solution of the NLP is proved to be equivalent 
to a state of equilibrium in which all stations have a minimum MCU. An iterative solution methodology is 
developed, which adopts a modified version of the Frank-Wolfe decomposition algorithm for convex 
optimization. The workload is iteratively shifted among adjacent stations until the state of equilibrium is 
achieved. At equilibrium, no station can reduce its MCU value by unilaterally shifting a part of its workload 
to any other station(s) in the area. The developed framework is applied to determine the optimal workload 
balancing strategy for 58 fire stations serving the City of Dallas. The framework is shown to enhance the 
robustness of the ER service especially under operation scenarios with imbalanced workloads.  
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Emergency response (ER) is a critical mission that requires thorough planning of its operating resources 
to ensure the provision of adequate and efficient services. Planning ER services cover both short- and long-
term periods with different decisions considered in each term. For example, long-term planning involves 
predicting the demand for ER services, determining number of ER stations and their spatial distribution in 
the service area, and determining the amount of resources needed for each station. Short-term planning 
involves balancing the workload among stations, developing repositioning strategies for resources, and 
planning routing options for emergency vehicles under different operational conditions. A key performance 
measure considered for optimizing these decisions is the response time to emergency calls. For example, the 
U.S. National Fire Protection Association (NFPA) standards establish (1) a turnout time of 60 seconds; (2) a 
response time of 240 seconds or less for a unit with first responder with automatic external defibrillator 
(AED) or higher level capability; and (3) a response time of 480 seconds or less for an advanced life support 
(ALS) unit, given that condition (2) is satisfied. This objective should be satisfied 90% of the time (NFPA, 
2010).  
1.1 Motivation of Planning ER Services  
Despite the need for rapid response, emergency response operation is highly stochastic (Barbarosoǧlu 
and Arda, 2004). On the demand side, emergency calls are randomly received at the dispatch center with 
almost very limited expectation of their locations or severities. On the supply side, several factors contribute 
to response time uncertainty including roadway congestion, weather conditions, level of training and 
experience of involved personnel, and the workload assigned to the responding station. The mostly 
unavoidable nature of operational uncertainty inflates the risk of failing to meet the response time standards, 
which is unacceptable given the criticality of the ER service to public safety.  
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Therefore, most research efforts focus on developing frameworks for ER service planning that ensure 
robust operation. A robust ER operation entails minimizing the length of and variation in response time, 
considering the variability of the operational scenarios in the service area.  
1.2 Approaches to Enhance the Robustness of Response Time Under Uncertainty 
One common approach is to embed redundant or reserve resources in the system to manage unexpected 
situations of demand and supply imbalance. More generally, ER operations develop robust plans that consider 
the worst-case operational scenarios anticipated for the service area (Jia et al., 2007). While using redundant 
resources is expected to enhance the robustness of response time, this could significantly increase operation 
cost, which is often not affordable considering the limitations to financial resources in most metropolitan 
areas. Another approach focuses on optimally distributing or balancing the workload among the stations to 
enhance the response time robustness across the entire service area. Systems with limited capacities, 
including fire stations, are generally characterized by performance deterioration with an increase in their 
workload (Wu and Wang, 2001&2002). Thus, workload balancing strategies could be developed to ensure 
that all stations are operating at their maximum performance. One main challenge related to adopting such 
an approach is determining the optimal workload cutoff (i.e., serving capacity) for each station, considering 
its performance at the different workload levels.  
1.3 Research Objective 
While considerable research effort has been devoted to reserve planning for emergency services (Lindell, 
M. K., and Perry, 1992), studying the problem of workload balancing in the context of robust ER operations 
does not seem to be studied in the literature. This thesis closes this gap by introducing an equilibrium-based 
modeling framework for ER workload balancing to achieve robust operations across the entire service area. 
The modeling framework represents the problem in the form of a non-linear mathematical program (NLP), 
drives its optimality conditions, and provides an efficient methodology for its solution. The framework takes 
as an input information on the historical workload levels of each ER station and its corresponding 
performance measured in terms of the response time distribution for different workload levels. The 
framework determines the optimal workload cutoff for each station such that the expected response time and 
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its variation are minimized across the entire service area. A station’s workload cutoff is the maximum 
workload that a station can be assigned during a given operation period. This workload cutoff can be viewed 
as the optimal service capacity of the station, considering its historical performance under the different 
workload levels. The framework introduces the concept of the marginal cost of uncertainty (MCU), which 
measures the impact of the station’s workload increase on the area-wide service performance. The optimal 
workload cutoff for each station is obtained such that a state of equilibrium is achieved. At this equilibrium 
state, no station can reduce its MCU by unilaterally shifting its any part of its workload to other stations. A 
case study is presented which illustrates the application of the framework to determine the optimal workload 
cutoff for 58 fire stations serving the City of Dallas. The results of this case study show that robust emergency 
response can be achieved by optimally distributing the stochastic workload among the stations in the area. 
1.4 Research Contribution 
Several aspects of this thesis contribute to the existing literature. First, to the authors’ knowledge, the 
thesis is among the first attempts to study the problem of workload balancing for robust ER operations. In 
most current practice, dispatchers adopt simple ad-hoc rules and use their judgment to distribute the workload 
among adjacent stations. For example, dispatchers tend to assign less severe incidents to small stations and 
keep large stations on stand-by for more severe incidents. This practice does not guarantee the robust 
operations across the entire area. In addition, it frequently results in first responders’ complaints of workload 
inequity among stations. Second, the thesis presents a novel mathematical formulation for the problem and 
proves the equivalence between the optimal solution of this program and a state of equilibrium in terms of 
the stations’ MCU values. Third, the thesis introduces an efficient solution methodology that illustrates how 
the MCU values can be used to search for the stations’ optimal workload cutoff values. Finally, the thesis 
presents the results of a real-world case study in which the optimal workload cutoff values are determined 
for 58 fire stations in the City of Dallas.   
This thesis is organized as follows. Chapter 2 provides a review of existing models that focus on planning 
for efficient ER operations. The problem is formally defined and formulated in Chapter 3. Chapter 4 describes 
the optimality conditions of the problem and presents its solution methodology. The overall framework of a 
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simulation-based model developed for validating the optimal workload balancing strategy is described in 
Chapter 5. Chapter 6 presents an illustrative example for a hypothetical service area that includes two ER 
stations. The results of a real-world case study and examples of possible applications of the developed 
framework are presented in Chapter 7 and Chapter 8, respectively. Finally, conclusions and research 






Research devoted to emergency response planning can be generally classified into two categories: 
resource allocation and workload balancing. The first category solves for the optimal allocation of available 
resources in the service area. The second category focuses on optimizing the workload distribution among 
the response units. Resource allocation research investigates two main problems, namely the optimal station 
location problem and the optimal resource assignment problem.  
2.1 Optimal Station Location Problem 
The former studies in this category determines the locations of emergency stations in the service area to 
optimize a pre-defined objective such as minimizing the total response time and/or maximizing area coverage 
(Li et al., 2011). Proved to be an NP-hard problem, heuristic approaches have been proposed to obtain near-
optimal solutions for the problem. Most early work focused on solving a deterministic version of the problem 
assuming perfect demand information (e.g., Current et al., 1990; Marsh and Schilling, 1994; Yeh and Chow, 
1996; and Badri et al., 1998). Examples of recent work that considers demand uncertainty can be found in 
Beraldi et al., (2004), Huang and Fan (2011), Kerkkamp (2014), Lam et al. (2016), Liu et al. (2017), 
Lahijanian et al. (2017). For example, Liu et al. (2017) considered imperfect demand information through 
developing a distribution-free chance-constrained model which is solved using two approximated mixed 
integer programs. Lahijanian et al. (2017) proposed a double coverage model, which ensures that each 
emergency is covered by at least two emergency vehicles. The advantage of this model is that if a new 
emergency occurs while the emergency vehicle is already away from its station, at least one other emergency 
vehicle is available to provide coverage. The model adopts a fuzzy logic approach to capture uncertainties in 
the response time.       
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2.2 Optimal Resource Assignment Problem 
The resource assignment problem assigns available resources to the stations to ensure that the emergency 
response service is adequately provided across the entire area. This problem is considered for both long- and 
short-term timeframes. Given the workload forecasted for each station, the long-term resource assignment 
problem solves for the optimal amount of resources to be based at each station (e.g., McCormack and Coates, 
2015; Leknes et al., 2017 and Huang et al., 2008). Simulation-based approaches are proposed to capture 
stochasticity associated with emergency call arrivals and the availability of resources (Huang et al., 2008). 
As accurate assessments of the stations’ workload become available, the short-term version of the problem 
is solved to redeploy the resources to ensure that they are well-positioned to respond to the workload 
anticipated for each station (e.g., Schmid, 2012; Naoum-Sawaya and Elhedhli, 2013; Maxwell et al., 2014; 
Bélanger et al., 2015; Chong, 2016; Van Barneveld et al., 2016; Lam et al., 2017; Enayati et al., 2018a&b; 
Chu et al., 2018; van Barneveld et al., 2018). For example, Schmid (2012) formulated a dynamic emergency 
vehicle dispatching and relocation problem. The proposed problem is solved using approximate dynamic 
programming, which relaxes the traditional practice of dispatching the closest emergency vehicle and 
returning to the base station. Adopting a resource redeployment strategy is estimated to reduce the average 
response time by about 12%. Naoum-Sawaya and Elhedhli (2013) presented a two-stage stochastic 
optimization model that aims to minimize the number of resource relocations over a planning horizon to 
enhance the efficiency of emergency response in terms of maximum coverage. Maxwell et al. (2014) 
formulated several integer programs and developed a simulation model that represents the problem as a multi-
server queue to measure the overall service performance. The system performance is measured in terms of 
the fraction of calls with a response time greater than a pre-defined threshold. To obtain approximate optimal 
dynamic redeployment policies, Lam et al. (2017)  developed an approximate dynamic program framework 
and evaluated it using a discrete events simulation (DES) model via the temporal difference learning 
algorithm. Based on their model, the best policy requires dynamic redeployment after every time an 
emergency is cleared. Finally, Bélanger et al. (2015) and Enayati et al. (2018b) formulated the emergency 
vehicles' joint reallocation and dispatching problems and demonstrated that integrating the two problems 
could result in a notable improvement in the overall service performance.  
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2.3 Workload balancing 
While considerable research is devoted to studying the stations’ location and resource allocation 
problems, research that addresses the problem of ER workload balancing for robust operations is relatively 
limited. Existing work has focused primarily on workload balancing in order to achieve fairness among crews 
working at these stations (Li and Saydam, 2016; Enayati et al., 2018a). For example, Li and Saydam (2016) 
developed a model that tiers the dispatching process and workload balancing through considering the 
characteristics of the incidents assigned to the crews (e.g., traveled distance and number of tasks). The model 
they developed is used to determine the station priorities for resource allocation to achieve fairness. Enayati 
et al. (2018a) solved a real-time optimization approach with the objective of maximizing coverage and 
minimizing total travel time for redeployments. The model considers personnel workload constraints. This 
approach dynamically restrains the accumulated workload of personnel by considering the time they are 
providing service. Since redeployment decisions are made based on workload restrictions of personnel, the 
number of redeployments for overloaded emergency vehicles is limited as well. Abdelghany et al. (2018) 
presented a modeling framework for determining the location and capacity of service facilities to ensure 
equity among the beneficiaries of the offered service. The problem is formulated as a non-linear mathematical 
program that minimizes the sum of the access and service durations for all beneficiaries. The problem’s 
optimal solution is shown to result in a state of equilibrium in which each service seeker is assigned a facility 
such that she/he cannot improve the sum of her/his access and service times by unilaterally changing her/his 
facility. One drawback of their model is that it assumes perfect information on the magnitude and spatial 
distribution of demand.  
To summarize, most existing models focus on managing the supply side of the emergency response 
system by optimizing the allocation of resources to ensure efficient and robust operations. While these 
supply-oriented models have been shown to enhance the overall performance of the ER system, further 
improvements could be achieved through developing optimal strategies for demand distribution and 
workload balancing among the stations. As mentioned above, existing workload balancing models have only 
addressed fairness among the crews rather than improving the overall robustness of the offered ER service. 
To the authors’ knowledge, models that consider workload balancing to ensure robust ER operations across 
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the entire service area for emergency vehicles have not been developed. The following Chapters provide a 
formal definition of the workload balancing problem for robust ER operations and illustrate the potential 




3PROBLEM DEFENITION AND FORMULATION 
This Chapter presents an equilibrium-based modeling framework for emergency response (ER) 
workload balancing to achieve robust operation in large-scale metropolitan areas. First, problem notations 
are listed following the definitions utilized in the formulations. Given the notations and definitions, the 
problem is presented. The problem is formulated as a non-linear mathematical program (NLP), which 
determines the optimal workload cutoff for each ER station. Finally, this Chapter is concluded with a 
discussion on achieving the state of equilibrium among emergency stations. 
3.1 Problem Notations 
The following notations are used to describe the parameters and decision variables used to formulate the 
problem and develop its solution methodology.    
𝑆 : The set of ER stations in the service area under study, indexed by 𝑖, 𝑗 and 𝑠 
𝐿 : The set of workload scenarios (number of received emergency calls) for the entire service area in 
the period of interest (e.g., peak hour), indexed by 𝑙 
𝛫𝑖 : The set of workload scenarios of station 𝑖 ∊ 𝑆, where each scenario, indexed by 𝑘, is defined as the 
number of emergency calls received in the period of interest  
∁𝑖 : The maximum number of emergency calls station 𝑖 ∊ 𝑆 can serve in the period of interest (station 
capacity) 
𝑘′𝑖 : The emergency call cutoff for station 𝑖 ∊ 𝑆 as a consequence of workload balancing among the 
stations (𝑘′𝑖 ≤ ∁𝑖) 
𝓅𝑎𝑟𝑒𝑎(𝑙) : The probability of workload scenario 𝑙 ∊ 𝐿  received by the entire area 
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𝑝𝑖(𝑘) : The probability of workload scenario 𝑘 ∊ 𝛫𝑖  received at station 𝑖 ∊ 𝑆 
𝑝𝑖 (. ) : The workload probability distribution for station 𝑖 ∊ 𝑆 
𝑞𝑖 (. ) : The auxiliary workload probability distribution for station 𝑖 ∊ 𝑆  
𝑛𝑖𝑙𝑘 : The frequency of occurrence, over an extended observation horizon, of workload scenario 𝑘 ∊ 𝛫𝑖 at 
station 𝑖 ∊ 𝑆 under area-wide workload scenario 𝑙 ∊ 𝐿  
𝑛𝑖𝑘 : The frequency of occurrence, over an extended observation horizon, of workload scenario 𝑘 ∊ 𝛫𝑖 at 
station 𝑖 ∊ 𝑆 (i.e., 𝑛𝑖𝑘 = ∑ 𝑛𝑖𝑙𝑘𝑙 ) 
?̃?𝑖 : The initial sum of frequencies over all workload scenarios 𝑘 ∊ 𝛫𝑖 for station 𝑖 ∊ 𝑆 (before applying 
the workload balancing strategy) 
𝑛𝑖 : The sum of frequencies over all workload scenarios 𝑘 ∊ 𝛫𝑖 for station 𝑖 ∊ 𝑆 after applying the 
workload balancing strategy (i.e., 𝑛𝑖 = ∑ 𝑛𝑖𝑘𝑘 ) 
∆𝑛𝑖 : The net change in the total workload frequency of station 𝑖 ∊ 𝑆 as a consequence of workload 
balancing among the stations 
∆𝑛𝑖𝑗 : The directional workload frequency shifted from station 𝑖 ∊ 𝑆 to adjacent station 𝑗 ∊ 𝑆. If assigned 
a negative value, the workload frequency is shifted from 𝑗 ∊ 𝑆 to 𝑖 ∊ 𝑆 
𝛿𝑖𝑗 : The element of the adjacency matrix, one if stations 𝑖 and 𝑗 are allowed to shift workload between 
each other, and zero otherwise 
𝑁𝑙 : The frequency of workload scenario 𝑙 ∊ 𝐿 for the entire service area  
𝑁 : The sum of frequencies of all workload scenarios for the entire service area 
𝑡 : The response time described in the form of number of intervals (e.g., minutes) 
?̇?𝑖𝑘 : The expected response time of station 𝑖 ∊ 𝑆 at workload scenario 𝑘 ∊ 𝛫𝑖    
?̇?𝑖 : The expected response time of station 𝑖 ∊ 𝑆 
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?̈?𝑖 : The variance of the response time of station 𝑖 ∊ 𝑆 
𝑔𝑖 (𝑡|𝑘) : The probability that station 𝑖 ∊ 𝑆 responds in 𝑡 intervals given workload 𝑘 ∊ 𝛫𝑖  
𝜔 : A predefined weight  
3.2 Problem Definition 
Given is an urban area that is served by a set of ER stations 𝑆. Emergency calls are received by a single 
dispatch center, which assigns the received calls to the stations to minimize the response time. An analysis 
period of interest (e.g., peak period) is defined. Historical data of 𝑁 observations (i.e., days) for the peak 
period is obtained. In each observation, the number of emergency calls received during this period is 
recorded. The set of workload scenarios, 𝐿, observed in the historical data for the entire service area is defined 
such that each scenario 𝑙 ∈ 𝐿 is observed with frequency 𝑁𝑙. The workload is distributed among stations such 
that 𝑛𝑖𝑙𝑘 is the frequency of workload scenario 𝑘 ∈ 𝛫𝑖 assigned to station 𝑖 ∈ 𝑆 considering area-wide 
workload scenario 𝑙 ∈ 𝐿. Consequently, we define 𝑛𝑖𝑘 as the frequency of occurrence of workload scenario 
𝑘 ∊ 𝛫𝑖 at station 𝑖 ∈ 𝑆, and 𝑛𝑖 as the sum of these frequencies over all workload scenarios in 𝛫𝑖 for station 
𝑖 ∊ 𝑆. The workload frequency for station 𝑛𝑖 is the result of workloads frequency ∆𝑛𝑖𝑗  shifted from station 
𝑖 ∈ 𝑆 to any of its adjacent stations 𝑗 ∈ 𝑆, and vice versa. The probability of workload scenario 𝑘 ∊ 𝛫𝑖 
received at station 𝑖 ∊ 𝑆 is given by 𝑝𝑖(𝑘). The capacity, ∁𝑖, for each station 𝑖 ∈ 𝑆 is assumed given, which 
is determined by available personnel and equipment resources.  
The response time for each station is also recorded during the 𝑁 observations. We define 𝑔𝑖(𝑡|𝑘) as the 
probability that station 𝑖 ∊ 𝑆 responds to an incident in 𝑡 time intervals given that its workload scenario is 
𝑘 ∊ 𝛫𝑖. Thus, the expected response time ?̇?𝑖𝑘 for workload scenario 𝑘 ∈ 𝛫𝑖  can be calculated. As discussed 
hereafter, we assume ?̇?𝑖𝑘 to be a monotonically increasing function with respect to the workload (number of 
emergency calls). In addition, the expected response time, ?̇?𝑖, and its variance, ?̈?𝑖, are assumed given for each 
station 𝑖 ∈ 𝑆. 
The problem is to develop an optimal workload balancing strategy for all stations in the service area by 
shifting the workload among adjacent stations. The strategy defines the optimal workload cutoff 𝑘′𝑖
∗ for each 
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station 𝑖 ∈ 𝑆 that maximizes the ER service robustness for the entire area. We define the ER service as robust 
if the weighted sum of the expected value and the variance of the response time is minimized for all stations 
in the service area. The optimal workload cutoff 𝑘′𝑖
∗ defines a new maximum workload scenario for each 
station 𝑖 ∈ 𝑆. Adopting this optimal cutoff 𝑘′𝑖
∗ results in a probability distribution of the workload scenarios 
for each station. For example, eliminating workload beyond 𝑘′𝑖
∗ for station 𝑖 ∈ 𝑆 results in a new workload 
distribution, which describes the probability of occurrence of the remaining workload scenarios 
accommodated by that station.  
3.3 Problem Formulation 
The problem is represented in the form of a non-linear mathematical program as described below. 
Minimize   𝑍 = ∑ (?̇?𝑖 +  𝜔 ∙  ?̈?𝑠)𝑖        (1) 
Subject to: 
?̇?𝑖𝑘 = ∑ 𝑡 ∙ 𝑔𝑖(𝑡|𝑘)𝑡      ∀ 𝑘 ∈ 𝐾𝑖 , ∀ 𝑖 ∈ 𝑆  (2)
 ?̇?𝑖 = ∑ 𝑝𝑖(𝑘) ∙ ?̇?𝑖𝑘𝑘=1:𝑘′𝑖      ∀ 𝑖 ∈ 𝑆   (3) 
?̈?𝑖 = ∑ 𝑝𝑖(𝑘) ∙ (𝑘=1:𝑘′𝑖 ?̇?𝑖𝑘 − ?̇?𝑖)
2    ∀ 𝑖 ∈ 𝑆   (4) 
𝑁 = ∑ 𝑛𝑖𝑖          (5)  
𝑁𝑙 = ∑ ∑ 𝑛𝑖𝑙𝑘𝑘=1:𝑘′𝑖𝑠      ∀ 𝑙 ∈ 𝐿   (6) 
𝑛𝑖𝑘 = ∑ 𝑛𝑖𝑙𝑘𝑙       ∀ 𝑘 ∈ 𝐾𝑖 , ∀ 𝑖 ∈ 𝑆  (7) 
𝑛𝑖 = ∑ 𝑛𝑖𝑘𝑘=1:𝑘′𝑖       ∀ 𝑖 ∈ 𝑆   (8) 
𝑝𝑖(𝑘) =  
𝑛𝑖𝑘
𝑛𝑖
      ∀ 𝑖 ∈ 𝑆   (9) 
∆𝑛𝑖 = ∑ ∆𝑛𝑖𝑗 . 𝛿𝑖𝑗𝑗      ∀ 𝑖 ∈ 𝑆   (10) 
𝑛𝑖 = ?̃?𝑖 + ∆𝑛𝑖      ∀ 𝑖 ∈ 𝑆   (11) 
∑ 𝑝𝑖(𝑘)𝑘=1:𝑘′𝑖 = 1     ∀ 𝑖 ∈ 𝑆   (12) 
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𝑘′𝑖 ≤ ∁𝑖       ∀ 𝑖 ∈ 𝑆   (13) 
𝑝𝑖(𝑘) ≥ 0 & 𝑛𝑖𝑙𝑘, 𝑛𝑖𝑘 and 𝑛𝑖 are positive integers  ∀ 𝑘 ∈ 𝐾𝑖 ,  ∀ 𝑖 ∈ 𝑆 (14) 
The objective function in (1) minimizes the weighted sum of the expected value and the variance of the 
response time across all stations. Constraints (2) to (4) show the mean and the variance of the response time 
for all stations. Constraints (5) to (8) ensure the conservation of the workload frequencies across all stations. 
Constraint (9) describes the workload probability distribution for each station. Constraint (10) ensures that 
the net change in the workload frequency of any station is due to workload shift to/from adjacent stations. 
Constraint (11) determines the new workload frequency for each station after workload shifting. Constraint 
(12) ensures that the sum of all probabilities across all workload scenarios is equal to one for each station. 
Constraint (13) guarantees that the cutoff scenario of a station is less than or equal to the capacity of that 
station. Finally, constraint (14) ensures that all probabilities are non-negative and the workload frequencies 
𝑛𝑖𝑙𝑘, 𝑛𝑖𝑘, and 𝑛𝑖 are positive integers.     
3.4 Reaching the State of Equilibrium 
In the above formulation, constraint (5) is the main constraint that defines the workload of each station 
as it ensures the conservation of the workload frequencies among all stations in the service area.  Define 𝜇 as 
the Lagrange multiplier for this constraint, the formulation above can be written using the Lagrangian 
objective function 𝐿(. ) as given in (15) and the remaining set of constraints above. 
𝐿 = 𝑍 + 𝜇 ∙ (𝑁 − ∑ 𝑛𝑖𝑖 )         (15) 
Assuming the response time ?̇?𝑖𝑘 to be monotonically increasing with the workload, one can prove the 
convexity of the function 𝐿(. ) by showing that its Hessian matrix is positive semi-definite (Boyd and 
Vandenberghe, 2009). Thus, the optimality conditions can be derived by differentiating 𝐿(. ) with respect to 
𝑛𝑖 for each station 𝑖 ∈ 𝑆. Two cases can be encountered. First, the minimum value of 𝐿(. ) occurs in the 
positive range of 𝑛𝑖 as given in (16). Second, the minimum value occurs in the negative range of 𝑛𝑖 and hence 





= 0  where  𝑛𝑖  ≥  0         (16) 
∆𝐿(.)
∆𝑛𝑖




, the term 
∆𝐿(.)
∆𝑛𝑖
 can then be written as (𝜋𝑖 − 𝜇). Here, the term 𝜋𝑖 represents the MCU 
of station 𝑖 ∈ 𝑆, which is measured as the increase in the value of the objective function defined in (1) 
associated with increasing the workload frequency of this station by one unit. Consider a worst-case scenario 
in which all stations are operating at their highest workload in the peak period. Increasing the workload 
frequency of a station by one unit results in modifying the workload distribution of that station as follows. A 
new workload scenario with index   |𝛫𝑖| + 1  is added to the set of workload scenarios of station 𝑖 ∈ 𝑆, and 
the frequency of this new workload scenario is set to be equal to one unit that is shifted from the workload 
scenario with index |𝛫𝑖|. In other words, the change in the objective function resulting from adopting the 
perturbed workload distribution for the station provides its MCU value. The optimality conditions of the 
problem can be written as follows. 
𝑛𝑖
∗. (𝜋𝑖
∗ − 𝜇) = 0       ∀ 𝑖 ∈ 𝑆   (18) 
𝜋𝑖
∗ − 𝜇 ≥ 0      ∀ 𝑖 ∈ 𝑆   (19) 
The conditions in (18) and (19) imply that each station 𝑖 ∈ 𝑆 is assigned an optimal workload 𝑛𝑖
∗, which 
is used to define the corresponding optimal workload cutoff 𝑘′𝑖
∗, and workload probability distribution 𝑝𝑖
∗(. ), 
resulting in a state of equilibrium in which 𝜋𝑖
∗ ∀ 𝑖 ∈ 𝑆 is at its minimum and equal to 𝜇. Thus, as shown in 
(18), if 𝜋𝑖
∗ > 𝜇 for station 𝑖 ∈ 𝑆, the workload of this station has to be equal to zero, implying that this station 
is not utilized. Alternatively, station 𝑖 ∈ 𝑆 implements the optimal cutoff value 𝑘′𝑖
∗ and corresponding 
workload distribution 𝑝𝑖
∗(. ) such that its MCU 𝜋𝑖
∗ is minimum and equal to 𝜇. The equivalence between the 
mathematical program described above and the equilibrium condition in (18) and (19) is the basis for 
developing the solution methodology described in Chapter 4. The methodology iteratively shifts the workload 
among stations and evaluates their MCU values. It terminates at an equilibrium state in which no station can 
reduce its MCU by unilaterally shifting any part of its workload to other stations in the service area.   
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This Chapter presented the robust workload balancing problem among emergency stations. The problem 
is formulated as a non-linear mathematical program that determines the optimal workload cutoff for each 
station such that the weighted sum of the expected response time and its variance is minimized. The 
constraints of the presented problem are conservation of workload frequencies among across all stations, the 
probability distribution for each station, station capacity constraint, workload shifting constraints, and 
nonnegativity constraints. A Lagrange multiplier approach is employed to relax the workload frequency 
conservation constraint to form a Lagrangian objective function. Then, the optimality conditions for finding 
the optimal workload balancing are presented.  The equivalence between the mathematical program described 
above and the equilibrium condition is the basis for developing the solution methodology described in the 







This Chapter presents the solution methodology developed to solve the workload balancing problem 
presented in Chapter 3. We introduce an iterative algorithm that adopts a modified version of Frank-Wolfe 
decomposition algorithm for convex optimization (LeBlanc et al., 2008). In each iteration, the algorithm 
searches for a better solution by determining an optimal moving direction and an optimal moving step along 
that direction. The moving direction determines the stations that are eligible for workload balancing. In this 
step, the workload is shifted from station(s) with high MCU to adjacent station(s) with low MCU. The moving 
step determines the amount of workload to be shifted among these stations to achieve the state of equilibrium 
in terms of MCU values.  
The steps of the algorithm are described in Figure 1. The input to the algorithm consists of three main 
components that are derived based on the available historical data for the service area. This input includes:  
(I) The initial set of workload operational scenarios, 𝐾𝑠
0 
(II) The initial workload probability distribution, 𝑝𝑠
0(. ) 
(III) The response time probability distribution, 𝑔𝑠(. ), for all stations 
The input also includes pre-defined parameter 𝜆 and 𝛽 which define the maximum allowed difference in 
the MCU values of any two stations, and the step of load shifting at each iteration, respectively. The set of 
operation scenario 𝐾𝑠
0 and the corresponding workload probability distribution, 𝑝𝑠
0(. ), are updated in the 
successive iterations to achieve the equilibrium state that describes the optimal workload balancing strategy. 
The next step is to calculate the MCU value for all stations. As mentioned above, the MCU is calculated by 
determining the difference in the objective function of the two cases:  
(I) The current workload probability distribution, 𝑝𝑠
𝑖𝑡𝑟(. ) 
(II) The auxiliary workload probability distribution, 𝑞𝑠
𝑖𝑡𝑟(. ), which is obtained by perturbing the 
distribution 𝑝𝑠
𝑖𝑡𝑟(𝑘) as described earlier 
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Therefore, the objective function is calculated twice using the workload probability distribution, 𝑝𝑠
𝑖𝑡𝑟(𝑘), 
and its auxiliary distribution, 𝑞𝑠
𝑖𝑡𝑟(𝑘), respectively. Assuming ?̇?𝑠
𝑖𝑡𝑟  and ?̈?𝑠
𝑖𝑡𝑟  are the values obtained for the 
objective function for these two cases, the MCU, 𝜋𝑠




𝑖𝑡𝑟         ∀ 𝑠 ∈ 𝑆   (20) 
The algorithm checks for convergence by determining the stations 𝑖 and 𝑗 with the maximum and 
minimum MCU values, 𝜋𝑖
𝑖𝑡𝑟 and 𝜋𝑗
𝑖𝑡𝑟, respectively. If the difference between the 𝜋𝑖
𝑖𝑡𝑟 and 𝜋𝑗
𝑖𝑡𝑟 is less than a 
pre-defined threshold λ, the algorithm terminates, indicating that the equilibrium conditions are satisfied. The 
algorithm reports the solution, which defines the optimal workload cutoff, 𝑘′𝑖
∗, and the corresponding 
workload probability distribution, 𝑝𝑖
∗(. ).  
If the convergence criterion is not satisfied, the algorithm proceeds by determining a new optimal moving 
direction for minimizing the objective function. The moving direction is determined by shifting a portion of 
the workload of station 𝑖 ∊ 𝑆 with the highest MCU to other stations in 𝐽, where 𝐽 ∊ 𝑆 is the subset of stations 
in the vicinity of station 𝑖. The amount of workload shifted from station 𝑖 to other stations determines the size 
of the moving step. The workload is distributed such that stations with lower MCU values receive a larger 
portion of the workload shifted from station 𝑖. Completing the workload shifting among the stations, a new 
set of operational scenarios, 𝐾𝑖
𝑖𝑡𝑟, and a new workload probability distribution, 𝑝𝑖
𝑖𝑡𝑟(. ), are obtained for all 
stations in 𝑆. The MCU values for all stations are again computed. The process continues until the 





Figure 1. The solution methodology 
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As explained in constraints (5) to (8), the workload is redistributed among the stations while ensuring 
the conservation of the workload for the entire service area. For example, if a workload scenario that is 
observed with a certain frequency is eliminated from a station, this frequency is added to the workload 
scenarios of the other stations in 𝐽. Figure 2 shows an example of station 𝑖, which shifts a portion of its 
workload to other stations. The shifted workload from station 𝑖 is equal to a percentage, 𝛽, of the frequency 
𝑛𝑖𝑚
𝑖𝑡𝑟  of bin 𝑚 representing the highest workload scenario for that station. If 𝑛𝑖𝑚
𝑖𝑡𝑟  is equal to zero, the scenario 
representing the highest workload is completely eliminated from 𝐾𝑖
𝑖𝑡𝑟. In this case, scenario 𝑚 − 1 becomes 
the new highest workload for station 𝑖. Otherwise, the set of workload scenarios 𝐾𝑖
𝑖𝑡𝑟remains unchanged, 
while the frequency of bin 𝑚  is reduced by the amount 𝛽 ∙ 𝑛𝑖𝑚
𝑖𝑡𝑟 . In both cases, the frequency of bin 𝑚 − 1 is 
increased by 𝛽 ∙ 𝑛𝑖𝑚




Figure 2. Workload shifting and associated probability distributions 
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The amount of workload shifted to each station is proportional to the ratio 𝜂𝑗
𝑖𝑡𝑟, which is calculated as 








      ∀  𝑗 ∊ J   (21) 
Thus, the portion of the workload, 𝜑𝑗𝑖
𝑖𝑡𝑟, received at station 𝑗 from station 𝑖 is calculated as follows: 
𝜑𝑗𝑖
𝑖𝑡𝑟 = 𝜂𝑗
𝑖𝑡𝑟 ∙ β ∙ 𝑛𝑖𝑚
𝑖𝑡𝑟     ∀  𝑗 ∊ J   (22) 
Table 1.  Different cases for workload shifting 
Case Comparison 
Workload Distribution Adjustment Logic Assuming 
  ∁𝑗≥ 𝑚 + 1, where 𝑚 = |𝐾𝑗|  
1 𝑛𝑗𝑚
𝑖𝑡𝑟 = 𝜑𝑗𝑖
𝑖𝑡𝑟  Set 𝑛𝑗𝑚





𝑖𝑡𝑟   Set 𝑛𝑗𝑚
𝑖𝑡𝑟= 𝑛𝑗𝑚
𝑖𝑡𝑟 − 𝜑𝑗𝑖





𝑖𝑡𝑟   Set 𝑛𝑗𝑚
𝑖𝑡𝑟=0 and continue reducing the frequencies of the bins in a 
descending order (𝑚 − 1,𝑚 − 2,… , 1.) till the frequencies of the 
workload distribution is reduced by 𝜑𝑗𝑖
𝑖𝑡𝑟 and set 𝑛𝑗(𝑚+1)
𝑖𝑡𝑟 = 𝜑𝑗𝑖
𝑖𝑡𝑟 
Ensuring that station 𝑗 has adequate physical capacity (i.e., ∁𝑗≥ 𝑚 + 1), the set of operational scenarios 
𝐾𝑗
𝑖𝑡𝑟 and the scenario probability distribution 𝑝𝑗
𝑖𝑡𝑟(𝑘) are updated for each station 𝑗 that receives a portion of 
the workload of station 𝑖. A new operational scenario 𝑚 + 1 is added to the set of operational scenarios for 
station 𝑗. The frequency of this new workload scenario is calculated according to the cases summarized in 
Table 1. If 𝑛𝑗𝑚
𝑖𝑡𝑟  is equal to 𝜑𝑗𝑖
𝑖𝑡𝑟, the frequency of scenario 𝑚 is set to zero and the frequency of scenario 𝑚+
1 is set to 𝜑𝑗𝑖
𝑖𝑡𝑟. If 𝑛𝑗𝑚
𝑖𝑡𝑟  is greater than 𝜑𝑗𝑖
𝑖𝑡𝑟, the frequency of scenario 𝑚 is reduced by 𝜑𝑗𝑖
𝑖𝑡𝑟 and the frequency 
of scenario 𝑚 + 1 is set to 𝜑𝑗𝑖
𝑖𝑡𝑟. Finally, if 𝑛𝑗𝑚
𝑖𝑡𝑟  is less than 𝜑𝑗𝑖
𝑖𝑡𝑟, the frequency of scenario 𝑚 is set to zero 
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𝑖𝑡𝑟 , the frequency of scenario 𝑚− 1  is reduced by 𝜑𝑗𝑖
𝑖𝑡𝑟 − 𝑛𝑗𝑚
𝑖𝑡𝑟. The process is repeated for workload 
scenario 𝑚 − 2, and so on, until the frequencies of the workload distribution of station 𝑗 are reduced by the 
amount 𝜑𝑗𝑖
𝑖𝑡𝑟. Similarly to the other two cases, the frequency of scenario 𝑚 + 1 is set to be equal to 𝜑𝑗𝑖
𝑖𝑡𝑟.  
This Chapter presented a solution methodology to solve the workload balancing problem formulated in 
the previous Chapter. The solution to this non-linear mathematical program is shown to be equivalent to an 
equilibrium state in which no station can improve its MCU value by unilaterally shifting a portion of its 
workload to any other station in the service area. Here, a modified version of Frank-Wolf decomposition 
algorithm is used to solve the problem. At each iteration, the moving direction is from stations with a higher 
MCU value to those with lower MCU value and the moving step the amount of shifted workload. The iterative 
process continues until the differences in MCU values are less than a predefined threshold. Therefore, once 
the convergence criteria is satisfied the workloads associated with the converged MCUs are reported as 






5A SMULATION-BASED VALIDATION MODEL 
A Monte-Carlo simulation model is developed to validate the effectiveness of the optimal workload 
balancing strategy. The simulation model replicates the peak period operation over a pre-defined extended 
horizon. For each peak period in the horizon, the model simulates the workload distribution among the 
stations and estimates their corresponding response times based on their historical performance. Figure 3 
describes the overall framework of the developed simulation model. The model takes as an input the 
following elements:  
(I) The original workload distributional for each station, 𝑝𝑠
0(. ) ∀ 𝑠 
(II) The optimized workload distributional for each station, 𝑝𝑠
∗(. ) ∀ 𝑠 
(III) The response time distribution for each station, 𝑔𝑠(. ) ∀ 𝑠 
In addition, two integer parameters, 𝐴 and 𝐵, are defined. Parameter 𝐴 indicates the length of the 
simulation horizon (i.e., number of peak hour periods to be simulated), and parameter 𝐵 gives the number of 
replications of the process of splitting the area-wide workload among the stations.   
A workload distribution for the entire service area, 𝓅area(. ), is first obtained by iteratively convoluting 
the original workload distributions of all stations in the service area (Mikusiński and Sikorski, 1961). In each 
iteration, the workload distribution of one station is convoluted with the area-wide workload distribution 




Figure 3. The overall framework of the simulation-based validation model 
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Generate a random workload 
instance 𝑙𝑖 for the service area 
using the distribution 𝓅area 𝑙
Generate workload instances 
𝑘𝑠𝑎 ∀ 𝑠 ∈ 𝑆 using the 
distribution 𝑝𝑠
0 . such that 
∑ 𝑘𝑠𝑎 𝑠 = 𝑙𝑖
Determine the expected 
response time 𝑡𝑠𝑎 for each 
station 𝑠 ∈ 𝑆
considering its workload 𝑘𝑠𝑎 
Without workload Balancing
Generate workload 
instances 𝑘′𝑠𝑎 ∀ 𝑠 ∈ 𝑆 using 
the distribution 𝑝𝑠
∗ . such 
that ∑ 𝑘′𝑠𝑎 𝑠 = 𝑙𝑎
Determine the expected 
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The following steps are then repeated for the number of peak periods defined in the simulation horizon, 
𝐴. A random workload instance, 𝑙𝑎, representing the number of ER calls received for the entire service area 
in peak period  ≤ 𝐴 is generated using the area-wide workload distribution, 𝓅area(. ). This instance of area-
wide workload, 𝑙𝑎, is then split among the stations according to their workload distributions. Given the 
workload assigned to each station, its corresponding expected response time is obtained using the distribution 
𝑔𝑠(. ). This step is repeated for 𝐵 times to obtain an estimate of the response time for each simulated peak 
period. As shown in the figure, two scenarios are considered for splitting the workload among the stations, 
which represent the operation with and without applying the optimal workload balancing strategy, 
respectively. In the first scenario, the stations’ optimized workload distributions, 𝑝𝑠
∗(. ) ∀ 𝑠 ∈ 𝑆, are used to 
simulate the split of the area-wide workload among the stations. In the second scenario, the original workload 
distributions, 𝑝𝑠
0(. ) ∀ 𝑠 ∈ 𝑆, are used to perform the workload split. 
For both scenarios, random workload instances, 𝑘𝑠𝑎  and 𝑘′𝑠𝑎 , are generated from the corresponding 
stations’ workload distributions such that the sum of the workloads for all stations is equal to the area-wide 
workload, 𝑙𝑎. Here, the index  ≤ 𝐵 is used to count the number of replications of the workload splitting 
step. Given the workload for each station, its expected response time is determined as mentioned above. The 
area-wide response time is then determined by adding up the response time for all stations. The average 
response times,  𝑎 and  ′𝑎, for peak period   are then calculated for the two scenarios, respectively. 
Completing 𝐴 peak period simulations, the model outputs the distribution of the area-wide response time for 
the scenarios with and without workload balancing. The mean and the variance of the response time is also 
given for both scenarios. In addition, the validation model gives the average response time per emergency 
call for both scenarios, which are calculated by dividing the mean of each area-wide response time 







This Chapter illustrates the solution algorithm, which adopts a modified version of the Frank-Wolfe 
decomposition algorithm for convex optimization, by applying it to determine the optimal workload 
balancing strategy for a small hypothetical service area with two ER stations, 𝐴 and 𝐵. Here, the workload is 
shifted between two adjacent stations in the hypothetical service area until the state of equilibrium is 
achieved. It is shown that at equilibrium, no station can reduce its MCU value by unilaterally shifting a part 
of its workload to the other station. The workloads procured at the end the developed framework is the 
optimal workload balancing strategy for these two fire stations serving the hypothetical service area.  
6.1 Applying the Solution Methodology at Iteration 0 
Table 2 gives the set of workload operational scenarios, 𝐾𝐴
0 and 𝐾𝐵
0, their workload probability 
distributions, 𝑝𝐴
0(𝑘) and 𝑝𝐵
0(𝑘), and their auxiliary workload probability distributions, 𝑞𝐴
0(𝑘) and 𝑞𝐵
0(𝑘), for 
stations 𝐴 and 𝐵, respectively. As mentioned earlier, an auxiliary workload probability distribution is 
obtained by adding a new workload scenario and shifting one unit of frequency from the highest workload 
scenario to the newly added scenario. The table also gives the response time workload probability 
distributions, 𝑔𝐴
0(𝑡|𝑘) and 𝑔𝐵
















0(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 318 0.345 318 0.345 0.535 0.314 0.072 0.044 0.035 0 0 
2 354 0.384 354 0.384 0.452 0.169 0.056 0.268 0.054 0 0 
3 234 0.254 234 0.254 0.410 0.128 0.128 0.159 0.174 0 0 
4 5 0.005 5 0.005 0.136 0.182 0.194 0.136 0.318 0.034 0 
5 5 0.005 5 0.005 0 0.100 0.100 0.300 0.300 0.200 0 
6 6 0.007 5 0.005 0 0 0 0 0.117 0.883 0 
















0(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 287 0.365 287 0.365 0.557 0.380 0.031 0.031 0 0 0 
2 318 0.405 318 0.405 0.582 0.252 0.063 0.038 0.066 0 0 
3 141 0.179 141 0.179 0.556 0.208 0.069 0.167 0 0 0 
4 32 0.041 32 0.041 0.438 0.344 0.063 0.156 0 0 0 
5 8 0.010 7 0.009 0.350 0.100 0.400 0.100 0.050 0 0 
6 0 0 1 0.001 0.250 0.120 0.420 0.120 0.070 0.020 0 
The first step of the algorithm determines the MCU for both stations, 𝜋𝐴
0 and 𝜋𝐵
0 , respectively. Thus, the 
values of ?̇?𝐴
0 and ?̇?𝐵
0  are computed based on the workload probability distributions, 𝑝𝐴
0(𝑘) and 𝑝𝐵
0(𝑘). 
Similarly, the values of ?̈?𝐴
0 and ?̈?𝐵
0 are computed based on the auxiliary workload probability distributions, 
𝑞𝐴
0(𝑘) and 𝑞𝐵
0(𝑘). Table 3 gives the values of  ?̇?0, ?̈?0, ?̇?0 , ?̈?0  and 𝜋0  for stations 𝐴 and 𝐵, respectively. Since 
the difference of 𝜋𝐴
0 and 𝜋𝐵
0  is greater than the predefined threshold for convergence, (e.g., λ= 0.007), the 
algorithm proceeds to execute another iteration. The optimal moving direction is determined by comparing 
the MCUs of the two stations. Based on the results in Table 3, station 𝐴 is marked as the station with the 
highest MCU. Therefore, a portion of station 𝐴’s workload is shifted to station 𝐵. Figure 4 illustrates the 
workload adjustment for stations 𝐴 and 𝐵, respectively. As shown in the figure, assuming  𝛽=100%, the 
workload cutoff is reduced from six to five for station 𝐴, and increased from five to six for station 𝐵.  The 




Table 3. The computation of MCU for stations 𝐴 and 𝐵 for iteration zero 
Workload 
Scenario 𝑘 
Station 𝐴 Station 𝐵 
?̇?𝐴𝑘  (mins) 𝑝𝐴
0(𝑘) ∙ ?̇?𝐴𝑘 𝑞𝐴
0(𝑘) ∙ ?̇?𝐴𝑘 ?̇?𝐵𝑘  (mins) 𝑝𝐵
0(𝑘) ∙ ?̇?𝐵𝑘 𝑞𝐵
0(𝑘) ∙ ?̇?𝐵𝑘 
1 6.148 2.120 2.120 5.183 1.892 1.892 
2 9.011 3.460 3.460 6.274 2.538 2.538 
3 10.295 2.613 2.613 6.736 1.208 1.208 
4 14.597 0.079 0.079 7.188 0.293 0.293 
5 19.500 0.106 0.106 9.500 0.097 0.085 
6 26.917 0.175 0.146 11.000 0 0.014 
7 31.667 0 0.034 - - - 
?̇?0 (minute)  8.553 8.558  
 
6.028 6.030 
?̈?0 (minute2) 5.888 6.102 0.553 0.569 
?̇?0  (𝜔 = 1) 14.441 - 6.581 - 
?̈?0  (𝜔 = 1) - 14.660 - 6.599 
𝜋0  0.219 0.018 
 
    
Iteration 0 Iteration 1 Iteration 0 Iteration 1 
Station A Station B 


























































































































































































































































6.2 Applying the Solution Methodology at Iteration 1 
Based on the workload adjustments made in the previous iteration, Table 4 gives the new set of workload 
operational scenarios, 𝐾𝐴
1 and 𝐾𝐵
1, their workload probability distributions, 𝑝𝐴
1(𝑘) and 𝑝𝐵
1(𝑘), and their 
auxiliary workload probability distributions, 𝑞𝐴
1(𝑘) and 𝑞𝐵
1(𝑘), for stations 𝐴 and 𝐵, respectively. 












1(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 318 0.345 318 0.345 0.535 0.314 0.072 0.044 0.035 0 0 
2 354 0.384 354 0.384 0.452 0.169 0.056 0.268 0.054 0 0 
3 234 0.254 234 0.254 0.410 0.128 0.128 0.159 0.174 0 0 
4 5 0.005 5 0.005 0.136 0.182 0.194 0.136 0.318 0.034 0 
5 11 0.012 10 0.011 0 0.100 0.100 0.300 0.300 0.200 0 
















1(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 287 0.365 287 0.365 0.557 0.380 0.031 0.031 0 0 0 
2 318 0.405 318 0.405 0.582 0.252 0.063 0.038 0.066 0 0 
3 141 0.179 141 0.179 0.556 0.208 0.069 0.167 0 0 0 
4 32 0.041 32 0.041 0.438 0.344 0.063 0.156 0 0 0 
5 2 0.003 2 0.003 0.350 0.100 0.400 0.100 0.050 0 0 
6 6 0.008 5 0.006 0.250 0.120 0.420 0.120 0.070 0.020 0 
7 0 0 1 0.001 0.002 0.130 0.430 0.130 0.080 0.030 0 
The MCU is again determined for both stations, 𝜋𝐴
1 and 𝜋𝐵
1 , as given in Table 5. Since the difference of 
𝜋𝐴
1 and 𝜋𝐵
1  is still greater than the predefined threshold for convergence, λ= 0.007, the algorithm proceeds to 





Table 5. The computation of MCU for stations 𝐴 and 𝐵 in the first iteration 
Workload 
Scenario 𝑘 
Station 𝐴 Station 𝐵 
?̇?𝐴𝑘  (mins) 𝑝𝐴
1(𝑘) ∙ ?̇?𝐴𝑘 𝑞𝐴
1(𝑘) ∙ ?̇?𝐴𝑘 ?̇?𝐵𝑘  (mins) 𝑝𝐵
1(𝑘) ∙ ?̇?𝐵𝑘 𝑞𝐵
1(𝑘) ∙ ?̇?𝐵𝑘 
1 6.148 2.120 2.120 5.183 1.892 1.892 
2 9.011 3.460 3.460 6.274 2.538 2.538 
3 10.295 2.613 2.613 6.736 1.208 1.208 
4 14.597 0.079 0.079 7.188 0.293 0.293 
5 19.500 0.233 0.211 9.500 0.024 0.024 
6 26.917 0 0.029 11.000 0.084 0.070 
7 - - - 11.750 0 0.015 
?̇?1 (minute)  8.505 8.513  6.040 6.041 
?̈?1 (minute2) 4.471 4.708 0.649 0.659 
?̇?1  (𝜔 = 1) 12.976 - 6.689 - 
?̈?1  (𝜔 = 1) - 13.221 - 6.700 
𝜋1  0.245 0.011 
The optimal moving direction is again determined by comparing the MCUs of the two stations. Station 
𝐴 still has a higher MCU value than that of station 𝐵. The algorithm continues to shift another portion of 
station 𝐴’s workload to station 𝐵. Figure 5 illustrates the workload adjustments and associated changes in 
the frequency of the affected workload scenarios for stations 𝐴 and 𝐵 in this iteration. Assuming  𝛽=100%, 
station A’s workload cutoff is reduced from five to four for station 𝐴 while station B’s workload cutoff is 
increased from six to seven.   
    
Iteration 1 Iteration 2 Iteration 1 Iteration 2 
Station A Station B 
Figure 5. Workload distribu tions of stations 𝐴 and 𝐵 at the second iteration 
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6.3 Applying the Solution Methodology at Iteration 2 
The algorithm goes through one more iteration, iteration 2. Based on the workload adjustments made in 
the previous iteration, Table 6 gives the new set of workload operational scenarios, 𝐾𝐴
2 and 𝐾𝐵
2, their workload 
probability distributions, 𝑝𝐴
2(𝑘) and 𝑝𝐵
2(𝑘), and their auxiliary workload probability distributions, 𝑞𝐴
2(𝑘) and 
𝑞𝐵
2(𝑘), for stations 𝐴 and 𝐵, respectively. 












2(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=2.5 
1 318 0.345 318 0.345 0.535 1 318 0.345 318 0.345 0.535 
2 354 0.384 354 0.384 0.452 2 354 0.384 354 0.384 0.452 
3 234 0.254 234 0.254 0.410 3 234 0.254 234 0.254 0.410 
4 16 0.017 15 0.016 0.136 4 16 0.017 15 0.016 0.136 












2(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 287 0.365 287 0.365 0.557 0.380 0.031 0.031 0 0 0 
2 318 0.405 318 0.405 0.582 0.252 0.063 0.038 0.066 0 0 
3 141 0.179 141 0.179 0.556 0.208 0.069 0.167 0 0 0 
4 29 0.037 29 0.037 0.438 0.344 0.063 0.156 0 0 0 
5 0 0 0 0 0.350 0.100 0.400 0.100 0.050 0 0 
6 0 0 0 0 0.250 0.120 0.420 0.120 0.070 0.020 0 
7 11 0.14 10 0.013 0.200 0.130 0.430 0.130 0.080 0.030 0 
8 0 0 1 0.001 0.150 0.130 0.430 0.130 0.080 0.080 0 
The MCU is again determined for both stations, 𝜋𝐴
2 and 𝜋𝐵
2 , as given in Table 7. Since the difference of 
𝜋𝐴
2 and 𝜋𝐵
2  is still greater than the predefined threshold for convergence, λ= 0.007, the algorithm proceeds to 




Table 7. The computation of MCU for stations 𝐴 and 𝐵 in the second iteration 
Workload 
Scenario 𝑘 
Station 𝐴 Station 𝐵 
?̇?𝐴𝑘  (mins) 𝑝𝐴
2(𝑘) ∙ ?̇?𝐴𝑘 𝑞𝐴
2(𝑘) ∙ ?̇?𝐴𝑘 ?̇?𝐵𝑘  (mins) 𝑝𝐵
2(𝑘) ∙ ?̇?𝐵𝑘 𝑞𝐵
2(𝑘) ∙ ?̇?𝐵𝑘 
1 6.148 2.120 2.120 5.183 1.892 1.892 
2 9.011 3.460 3.460 6.274 2.538 2.538 
3 10.295 2.791 2.780 6.736 1.208 1.208 
4 14.597 0 0.016 7.188 0.219 0.219 
5 - - - 9.500 0 0 
6 - - - 11.000 0 0 
7 - - - 11.750 0 0 
8 - - - 13.000 0.265 0.248 
?̇?2 (minute)  8.446 8.452  
 
6.069 6.070 
?̈?2 (minute2) 3.468 3.560 0.881 0.901 
?̇?2  (𝜔 = 1) 11.914 - 6.950 - 
?̈?2  (𝜔 = 1) - 12.012 - 6.971 
𝜋2  0.098 0.011 
The optimal moving direction is again determined by comparing the MCUs of the two stations. Station 
𝐴 still has a higher MCU value than that of station 𝐵. The algorithm continues to shift another portion of 
station 𝐴’s workload to station 𝐵. Figure 6 illustrates the workload adjustments and associated changes in 
the frequency of the affected workload scenarios for stations 𝐴 and 𝐵 in this iteration. Assuming  𝛽=100%, 
station A’s workload cutoff is reduced from four to three for station 𝐴 while station B’s workload cutoff is 
increased from seven to eight.   
    
Iteration 1 Iteration 2 Iteration 1 Iteration 2 
Station A Station B 























































6.4 Applying the Solution Methodology at Iteration 3 
The algorithm proceeds to execute one more final iteration (iteration 3). The updated set of workload 
operational scenarios, 𝐾𝐴
3 and 𝐾𝐵
3, their workload probability distributions, 𝑝𝐴
3(𝑘) and 𝑝𝐵
3(𝑘), and their 
auxiliary workload probability distributions, 𝑞𝐴
3(𝑘) and 𝑞𝐵
3(𝑘), for stations 𝐴 and 𝐵 are given in Table 8. 
Table 8 also gives the response time probability distributions, 𝑔𝐴
3(𝑡|𝑘) and 𝑔𝐵
3(𝑡|𝑘), for both stations. The 
MCU is again determined for both stations, 𝜋𝐴
3 and 𝜋𝐵
3 , as given in Table 9. The difference between 𝜋𝐴
3 and 
𝜋𝐵
3  is less than the predefined threshold, λ= 0.007, indicating that the convergence criteria is satisfied. 
Consequently, the algorithm terminates and outputs its solution. Based on the results obtained at convergence, 
given in Table 8, the workload cutoff of station 𝐴 is limited to three, while the workload cutoff for station 𝐵 
is increased to eight operational scenarios. The workload probability distributions, 𝑝𝐴
∗(𝑘) and 𝑝𝐵
∗ (𝑘), 
estimated for stations 𝐴 and 𝐵 when implementing these cutoff values are also given in Table 8.   











3(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 318 0.345 318 0.345 0.535 0.314 0.072 0.044 0.035 0 0 
2 354 0.384 354 0.384 0.452 0.169 0.056 0.268 0.054 0 0 
3 250 0.271 249 0.270 0.410 0.128 0.128 0.159 0.174 0 0 
















3(𝑡|𝑘) (t in minutes) 
t=2.5 t=7.5 t=12.5 t=17.5 t=22.5 t=27.5 t=32.5 
1 287 0.365 287 0.365 0.557 0.380 0.031 0.031 0 0 0 
2 318 0.405 318 0.405 0.582 0.252 0.063 0.038 0.066 0 0 
3 141 0.179 141 0.179 0.556 0.208 0.069 0.167 0 0 0 
4 24 0.031 24 0.031 0.438 0.344 0.063 0.156 0 0 0 
5 0 0 0 0 0.350 0.100 0.400 0.100 0.050 0 0 
6 0 0 0 0 0.250 0.120 0.420 0.120 0.070 0.020 0 
7 0 0 0 0 0.200 0.130 0.430 0.130 0.080 0.030 0 
8 16 0.020 15 0.019 0.150 0.130 0.430 0.130 0.080 0.080 0 







Table 9. The computation of MCU for stations 𝐴 and 𝐵 in the third iteration 
Workload 
Scenario 𝑘 
Station 𝐴 Station 𝐵 
?̇?𝐴𝑘  (mins) 𝑝𝐴
3(𝑘) ∙ ?̇?𝐴𝑘 𝑞𝐴
3(𝑘) ∙ ?̇?𝐴𝑘 ?̇?𝐵𝑘  (mins) 𝑝𝐵
3(𝑘) ∙ ?̇?𝐵𝑘 𝑞𝐵
3(𝑘) ∙ ?̇?𝐵𝑘 
1 6.148 2.120 2.120 5.183 1.892 1.892 
2 9.011 3.460 3.460 6.274 2.538 2.538 
3 10.295 2.791 2.780 6.736 1.208 1.208 
4 14.597 0 0.016 7.188 0.219 0.219 
5 - - - 9.500 0 0 
6 - - - 11.000 0 0 
7 - - - 11.750 0 0 
8 - - - 13.000 0.265 0.248 
9 - - - 15.250 0 0.019 
?̇?3 (minute)  8.372 8.376  6.123 6.126 
?̈?3 (minute2) 2.866 2.904 1.397 1.442 
?̇?3  (𝜔 = 1) 11.238 - 7.520 - 
?̈?3  (𝜔 = 1) - 11.280 - 7.568 
𝜋3  0.042 0.048 
Figure 7 gives the MCU values of stations 𝐴 and 𝐵, respectively, in successive iterations until the 
algorithm coverages. As shown in Figure 7, the MCU for station 𝐴 systematically decreases as a portion of 
its workload is shifted to station 𝐵. While, the MCU for station 𝐵 systematically increases with the increase 
in its workload. After three iterations, the two stations equilibrate in terms of their MCU values. The figure 
also gives the value of the objective function recorded for the successive iterations. The minimum value of 








Figure 7. The MCU values for stations 𝐴 and 𝐵 and the total objective function at the successive iterations 
  





































This Chapter demonstrated the solution algorithm presented in the previous Chapter for two stations in 
a hypothetical area. It is shown how the presentedsolution methodology is able to enhance the robustness of 
the emergency response system by shifting the workload among the stations. It is shown that the reduction 
in the MCU value of the station with a high MCU value is achieved without a notable increase in the MCU 
value of the station with a lower MCU value. The workload balancing a reduction in the Lagrangian objective 







7CASE STUDY: RESULTS AND ANLYSIS 
The modeling framework presented above is applied to the service area of the Dallas Fire Rescue 
Department (DFRD) which includes the City of Dallas and parts of its surrounding cities as illustrated in 
Figure 8. DFRD operates 58 stations that are distributed in the service area. The analysis is based on an 
extended observation period between October 20, 2015 and November 30, 2017 during which data on ER 
records were obtained. Each record includes information on the incident occurrence, including time, location, 
type, and a description of dispatched vehicles. The incident’s response time, arrival time, en-route time, and 
clearance time are also given as part of each record. According to this dataset, the peak hour is identified as 
6:00 pm to 7:00 pm. A preprocessing step is conducted to extract the workload and response time probability 
distributions for each station considering the identified peak period. The workload scenarios for each station 
are defined in terms of the number of calls recorded in different peak period observations. The frequency of 
these workload scenarios is then determined and used to derive the workload distribution of the station. The 
response time, which is defined as the interval from vehicle’s dispatching time to its arrival time at the 
incident location, is divided into 5-minute intervals. The response time distribution is then obtained by 
determining the frequency of each response time interval for each workload scenario. For cases in which 
limited data were available at certain workload scenario, the data are extrapolated to obtain an estimate for 
the response time for that workload. Figure 9 shows an example of the workload distributions and the 
expected response time for three different stations in the service area with high, medium and low workloads. 
Finally, we assume that all stations have unlimited physical capacity unless otherwise specified. The mean 




Figure 8. The DFRD service area showing the locations of the station and maximum number of calls received 











Figure 9. The workload distribution and expected response time for three different stations 
7.1 Convergence Pattern 
Figures 10 and 11 illustrate the overall convergence pattern of the solution algorithm developed for the 
problem. Figure 10 gives the value of the objective function at the successive iterations. As shown in the 
figure, the objective function systematically decreases in the successive iterations until convergence, which 
occurs after 45 iterations. One important observation is that the obtained improvement in the objective 
function is relatively small (about 0.05%). It should be mentioned that these results were obtained assuming 
that the workload can be shifted between any two stations in the service area. When a station adjacency 
matrix of only five miles is considered for workload shifting among stations, the solution methodology was 
not able to achieve any improvement in the objective function. This result suggests that DFRD is already 
effectively balancing the workload among all stations in the service area.  
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Figure 11 illustrates the corresponding changes in the MCU values for all 58 stations in successive 
iterations. As shown in this figure, the convergence pattern follows a funnel shape as the difference in the 
MCU values among the stations gradually decreases in successive iterations. In this experiment, the algorithm 
shifts the workload from stations with high MCU to station with lowest MCU in the entire service area until 
the state of equilibrium is achieved. Nonetheless, one can notice that the initial maximum difference in the 
MCU values is relatively small (0.00002) which is again an indication that the workload is already well-
















7.2 Change in the Workload Distribution Pattern 
We examined the workload distribution for all stations before and after applying the workload balancing 
strategy. Figure 12 illustrates the workload distribution for stations 27 and 4 before and after applying the 
workload balancing strategy, respectively. Station 4 is originally characterized by high MCU, and hence one 
should expect the developed workload balancing strategy to shift part of its workload to other stations. On 
the other hand, station 27 has the lowest MCU in the entire service area. Thus, this station is expected to 
receive additional workload from other stations with high MCUs after applying the optimal workload 
balancing strategy.  
As shown in Figure 12, adopting the optimal workload balancing strategy resulted in new workload 
distributions for stations 4 and 27, respectively. Station 4 is no longer allowed to receive more than six calls 
(i.e., workload cutoff) during the peak period. The mean and the variance of the workload distribution for 
station 4 are therefore reduced from 2.91 and 2.18 to 2.84 and 1.79, respectively, under the optimal workload 
balancing strategy. The maximum allowed number of calls that can be served by station 27 during the peak 
period increased from two to five. For station 27, the mean and the variance of the workload distribution 





Original Workload Distribution for Station 4 Modified Workload Distribution for Station 4 
  
Mean = 2.91 (call) 
Variance = 2.18 
Mean = 2.84 (call) 
Variance = 1.79 
  
Original Workload Distribution for Station 27 Modified Workload Distribution for Station 27 
  
Mean = 1.15 (call) 
Variance = 0.13 
Mean = 1.18 (call) 
Variance = 0.25 
Figure 12. The workload distribution patterns for stations with highest and lowest MCU values before and 




7.3 Simulation-Based Validation 
To validate the optimal workload balancing strategy, the Monte-Carlo simulation presented in Chapter 
5 is used to replicate the operations in the DFRD’s service area. As described above, this simulation model 
replicates how the area-wide workload is distributed among the stations, considering the workload cutoff 
specified for each station. Then, the expected response time for each station is determined based on its 
historical performance as given by its response time distribution. The area-wide response time is calculated 
by summing up the response time of all stations. The following steps summarize the logic of the simulation 
model developed to validate the workload balancing strategy. 
•Step 1: Construct the workload distribution of the entire service area as the convolution of the original 
workload distributions of all stations in the service area.  
•Step 2: For a pre-determined number of iterations, repeat the following steps: 
- Generate an area-wide workload scenario in terms of total number of calls received by the dispatch center. 
- Distribute the total workload among the stations with and without considering the workload cutoff 
determined for each station. 
- Determine the expected response time for each station based on its historical response time distribution for 
the assigned workload. 
- Determine the sum of the response time for all stations. 





Response Time Distrubution before Modfying the 
Stations’ Workload Distributions 
Response Time Distrubution after Modfying the 
Stations’ Workload Distributions 
  
Mean = 405.51 (Min); Variance = 219.45  
Response Time = 3.55 (Min/Call) 
Mean = 398.91 (Min); Variance = 177.91 
Response Time = 3.49 (Min/Call) 
Figure 13. The distribution of the total response time before and after applying the optimal workload 
balancing strategy 
As described earlier, the simulation is conducted considering two scenarios: (a) using the original 
workload distributions for all stations, and (b) using the modified workload distributions for the stations after 
applying the optimal workload balancing strategy. Figure 13 shows the results of this validation test. The 
figure gives the distribution of the area-wide response time before and after applying the optimal workload 
balancing strategy. As shown in the figure, adopting the optimal workload balancing strategy has resulted in 
a more robust operation across the entire service area. The mean and the variance of the response time 
distribution (in minutes) are decreased from 405.51 and 219.45 for the original operational scenario to 398.91 
and 177.91 after applying the optimal workload balancing strategy with a slight improvement of 0.06 minutes 
in the average response time per call. These results validate the results presented above, indicating that limited 
improvement can be achieved as the DFRD is already implementing a near optimal workload balancing 





8EXAMPLES OF REAL-WORLD APPLICATIONS 
This Chapter gives examples of possible real-world applications for the developed framework. It presents 
the results of obtaining the optimal workload balancing strategy considering changes in the operational 
conditions in the service area. These changes in the operational conditions result in situations in which the 
workload is not well balanced among the stations. Example of changes of operational conditions considered 
in this Chapter include: a) an increase in the response time of some stations, for example, that due to increased 
level of congestion in the vicinity of these stations; b) an increase in the workload of some stations in the 
area due to changes in demographic and/or activity growth; and c) operating some stations with constrained 
service capacity to the limit that they cannot absorb any additional workload from other stations.       
8.1 Impact of Increased Traffic Congestion 
In this experiment, we examine the impact of an increase in the response time of some stations due to an 
increase in traffic congestion level along the roadway network in the vicinity of these stations. Three stations 
are assumed to have an increase in their response time: stations 39, 58, and 1. The response time of these 
three stations is assumed to have doubled due to significant increase in the level of traffic congestion 
associated with new development in their surroundings. The results of this experiment are given in Figure 
14. The first row presents the workload distributions of these three stations after applying the optimal 
workload balancing strategy assuming no congestion. Based on the optimal workload balancing strategy, the 
workload cutoffs of stations 39, 58 and 1 are eight, four and five, respectively.  The second row of the figure 
presents the optimal workload distributions considering a scenario in which station 39 has an increase in its 
response time. As shown in the figure, the workload cutoff for station 39 is decreased from eight to six as a 
result of the increase in its response time. The decrease in the workload cutoff of station 39 resulted in slight 
changes of the workload distributions of stations 58 and 1, respectively. The third row presents the optimal 
workload distributions assuming that both stations 39 and 58 are encountering an increase in their response 
times. The workload cutoff for station 58 is decreased from four (as given in the third row) to three. The 
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decrease in the workload cutoff of station 58 led to slight changes in the workload distributions of stations 
39 and 1 as compared to the ones given in the second row. Finally, the fourth row in Figure 14 presents the 
workload distributions assuming that all three stations are encountering an increase in their response times. 
The workload cutoff for station 1 is decreased from five to three. The decrease in the workload cutoff of 
station 1 led to slight changes in the workload distribution of station 58. In this scenario, the workload 
distribution of station 39 remains unchanged as compared to the previous scenario.  
8.2 Impact of Workload Increase 
The purpose of this experiment is to demonstrate the impact of an increase in the workload of some 
stations and the need to re-balance the workload after such an increase to achieve robust operation. An 
increase in the workload could be sudden due to disaster/extreme events or gradual change associated with 
changes in demographics and economic growth. To represent these situations, the workload distribution of 
some stations in the service area is replaced with the workload distribution that represents the operation at a 
busy station. Figure 15 demonstrates the distribution of area-wide response time as well as the value of the 
objective function considering different number of stations with increased workload. It presents the area-
wide response time distributions before and after applying the optimal workload balancing strategy. It gives 
the results considering scenarios in which one, three, five and seven stations, respectively, are assumed to 
have increased workload. As the number of stations with increased workload increases, the system deviates 
from its optimal workload balancing state that ensures robust operations, as presented in Chapter 7. Thus, the 
workload balancing strategy becomes more effective for improving system performance. This can be seen 
by the improvement in the objective function associated with applying the optimal workload balancing 
strategy after increasing the workload. For example, for the scenario in which the workload is increased for 
one station, the objective function is improved from 436.025 to 432.126 (0.89%). When the number of 
stations with high workload is increased to seven, the objective function is reduced from 510.5 to 503.7 





8.3 Impact of Operating Stations with Limited Service Capacity 
In this experiment, the impact of operating stations with limited service capacity is investigated. Stations 
with limited service capacity cannot accept any workload from other stations in the service area beyond their 
capacity limits. Three stations are assumed to have limited capacity: stations 39, 58, and 21. The capacity 
limit is taken to be equal to their highest workload before applying the optimal workload balancing strategy, 
as shown in the first row of Figure 16. Thus, stations 39, 58 and 21 are assumed to have a capacity of five, 
two, and three calls in the peak hour, respectively. The second row in the figure presents the workload 
distributions after applying the optimal workload balancing strategy, when there is no constraint on the 
service capacity of the stations. Comparing these distributions with the original workload distributions in the 
first row shows an increase in the workload cutoff for all three stations. As shown in the figure, the workload 
cutoff is increased from five to eight for station 39, two to four for station 58, and three to five for station 21, 
respectively. The third row presents the optimal workload distributions, considering the service capacity 
constraint of station 39 (five calls). Constraining the service capacity of station 39 resulted in slight changes 
in the workload distribution of station 58. No changes are observed for the workload distribution of station 
21. As shown in the last row in the figure, considering a service capacity constraint of two calls for station 
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39, 58 and 
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Original System Response Time Modified System Response Time 
1 
  
Objective Function = 436.0254 
Mean = 410.9 (Call) ; Variance = 248.1 
Service Time = 3.34 (Min/Call) 
Objective Function = 432.126 
Mean = 403.8 (Call) ; Variance = 204.0 
Service Time = 3.28 (Min/Call) 
3 
  
Objective Function = 462.234 
Mean = 421.9 (Call) ; Variance = 269.6 
Service Time = 3.00 (Min/Call) 
Objective Function = 455.859 
Mean = 415.6 (Call) ; Variance = 237.1 
Service Time = 2.96 (Min/Call) 
5 
  
Objective Function = 482.953 
Mean = 432.2 (Call) ; Variance = 268.7 
Service Time = 2.76 (Min/Call) 
Objective Function = 476.274 
Mean = 426.7 (Call) ; Variance = 253.4  
Service Time = 2.72 (Min/Call) 
7 
  
Objective Function = 500.9 
Mean = 440.6 (Call) ; Variance = 269.7 
Service Time = 2.53 (Min/Call) 
Objective Function = 494.0 
Mean = 436.0 (Call) ; Variance = 263.7 
Service Time = 2.51 (Min/Call) 
Figure 15. The impact of workload increase on total system response time 
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Scenario Workload Distribution of Station 39 Workload Distribution of Station 58 Workload Distribution of Station 21 
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This thesis presents a modeling framework for the ER workload balancing problem to ensure robust 
operations in metropolitan areas. The problem is formulated as a non-linear mathematical program that 
determines the optimal workload cutoff for each station such that the weighted sum of the expected response 
time and its variance is minimized. The thesis introduces the novel concept of MCU for a station, which is 
measured as the change in the area-wide service robustness associated with increasing workload of that 
station by one unit. The solution to this non-linear mathematical program is shown to be equivalent to an 
equilibrium state in which no station can improve its MCU value by unilaterally shifting a portion of its 
workload to any other station in the service area. A modified version of Frank-Wolf decomposition algorithm 
is used to solve the problem. The algorithm iteratively shifts workload from stations with high MCU values 
to stations with low MCU values until the state of equilibrium is achieved.  
A step-by-step illustrative example is presented for a hypothetical service area that includes two stations. 
In addition, the framework is applied to the service area of the DFRD, which includes the City of Dallas and 
parts of its surrounding cities. Based on the obtained results, limited improvement in the objective function 
is obtained, which indicates that DFRD is adopting a near-optimal workload balancing strategy. This result 
is validated using a simulation-based model, which estimates a slight improvement in the average response 
time per call from 3.55 minutes to 3.49 minutes. As examples of real-world applications, the developed 
framework is applied to determine the optimal workload balancing strategy considering changes in the 
operation conditions of the service area. These changes in the operation conditions include an increase in 
response time of some stations due to traffic congestion in their surrounding roadway networks, an increase 
in the workload level of some stations due to demographic changes and/or activity growth, and operating 
some stations with limited service capacity.  
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9.1 Future Extention 
Several extensions are considered for this research. Future research could examine the application of this 
framework for other distributed systems or organizations (e.g., data and call centers) that require optimal 
workload balancing. In addition, the problem could be extended to hierarchical and networked systems. For 
hierarchical systems, workload balancing is required at different layers of the system, and for networked 
systems, components/links form multiple subsystems/paths that require workload balancing, where one 
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